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Abstract 
Fretting fatigue is a critical loading that appears on many structures such as the blade/disk contact of aircraft engines. It is 
characterized by small displacements between two bodies, one of which has an applied bulk stress. This phenomenon has been 
studied for a long time and induces damages which critically reduce the fatigue resistance. Fretting stressing are multi-axial and 
above all characterized by very severe stress gradient conditions.  Besides, significant contact plastic deformations can be 
activated for LCF conditions which again complicate the predictions. To address this aspect a combined experimental – modeling 
analysis has been developed on a well known a Ti-6V-4Al alloy. Using an original double actuator fretting fatigue apparatus, the 
fretting fatigue cracking endurance of a cylinder/plane contact from 10E4 to 10E7 cycles was determined keeping constant the 
partial slip fretting loading (i.e. Q/P=0.32)  and varying the fatigue stressing ( 700 MPa<σmax<50 MPa, R=0.01). This research 
shows that the fretting fatigue crack nucleation endurance (bCN=70 μm) can be predicted using a basic Crossland’s stress 
invariant multi-axial fatigue description  if the cyclic elasto-plastic (ep) response of the material is conveniently integrated in the 
FEM simulation, the stress gradient effect is taken into account by considering a stress averaging strategy defined on a ℓV=37μm 
cubic size previously calibrated from plain fretting  experiments and finally if the ratio of tensile and shear fatigue limit is not 
assumed constant but expressed as a function of the loading cycles (σ-1(N)/τ-1(N)).  Using this complete analysis the crack 
nucleation endurance from 10E4 - 10E7 cycle is predicted with an error smaller than 10%. A parametric study shows that if  the 
σ-1/τ-1 ratio is assumed constant, defined at the fatigue limit conditions, the endurance predictions in LCF and most of the HCF 
domains are dangerously non conservative. Alternatively the application of plain elastic stress description leads to over 
conservative predictions when significant plastic accommodations are activated  (N< 2 104 cycles). 
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1. Introduction 
 Fretting is a phenomenon which appears when a contact between two parts is subjected to micro-movements. It 
is observed in aeronautics, especially in turbojet engines, where high frequency vibrations (some kHz) are combined 
with cycles of low-frequency fatigue due to repetitive takeoffs and landings. These vibrations induce wear and/or 
cracking of the interfaces [1, 2]. This type of complex loading could induce premature breakdown of Ti–6Al–4V 
titanium blade and disk components. The purpose of this work is to establish a model to predict the crack nucleation 
risk under partial slip fretting fatigue loading using a simple Crossland’s stress invariant multi-axial fatigue criterion 
[3]. Contact stressing are very complexes so Petiot [4] and Szolwinski [5] underline that a multiaxial fatigue 
approach must be preferred. Besides the contact stressing are characterized by very severe stress gradient condition 
so non local fatigue approaches need to be considered [6]. A first strategy was to consider an averaged stress loading 
defined over a representative process volume [7].  Using this averaged stress description the multi-axial fatigue 
analysis provides relevant predictions.  One critical aspect of this approach is the determination of the representative 
averaging volume so called process volume [8, 9, 10].  The most usual approach consists to calibrate the length scale 
dimension through a reverse analysis of fretting fatigue or plain fretting cracking experiments achieved for 
equivalent stress gradient conditions (i.e. equivalent contact configuration).  This constant length scale strategy was 
also considered by Araujo et al. [11] who applied considered the critical distance theory developed by Taylor and 
Susmel [12, 13]. The relevant stress loading path is no more defined from a stress averaging procedure by defined 
from local stress estimation at a critical distance from the “hot spot” stress location. Taylor and Susmel suggest that 
the optimal critical distance can be approximated as the half value of the short to long crack transition (ℓD = b0/2). 
Recent investigations however suggest that for the very severe stress conditions imposed by fretting stressing, the 
Taylor-Susmel approximation slightly under estimate the optimal critical distance value [14]. The purpose of this 
research work is to see if by applying a simple Crossland’s stress invariant analysis combined with a basic stress 
averaging methodology it is possible to predict the HCF but also part of the LCF crack nucleation endurance (i.e. 
activation of a 70 μm crack length from 104 to 107 cycles). The following two aspects will be addressed: 
- How the evolution of tensile and shear fatigue endurance can impact the application of the Crossland multi-axial 
fatigue prediction in the finite endurance domain? 
- How contact plasticity can influence the crack nucleation prediction and alternatively below which fretting fatigue 
stressing a simpler elastic stress analysis can be considered? 
2. Experiments 
2.1. Material properties 
Fretting and Fretting Fatigue tests were performed with plane and cylinder pad specimens made of Ti-6V-4V, 
which is a two-phase titanium-based alloy. The structure is composed of 60% D phase and 40% of E. The main 
mechanical properties are displayed in Table 1. 
 
Table 1.Mechanical properties of Ti-6V-4V 
Elastic modulus (GPA)  119 
Poisson’s ratio  0.29 
Yield stress (MPa)  970 
 
As most of the invariant fatigue stress analysis, the calibration of the Crossland’s multiaxial criterion requires the 
estimation of both alternated tensile and shear fatigue endurances. Therefore, both tensile and shear fatigue analyses 
were performed with a stress ratio R = -1 (Fig. 2a). Fretting cracking analysis focuses on a 105 cycles test duration; 
therefore, a special attention was taken to identify the tensile and shear fatigue limits at 105 cycles by applying a 
staircase method. Due to confidentiality concerns, the obtained fatigue values are normalized vs. a reference stress 
value related to the shear fatigue limit at 105 cycles (Vref = W-1(105), V-1(105)/Vref  = 1.48 and  W-1(105)/Vref  = 1). The 
fretting fatigue analysis concerns elastic HCF but also LCF plastic conditions. 
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Fig. 1. (a) Fatigue analysis of the studied Ti-6V-4V alloy; (b) Strain-Strain cyclic response of the Ti-6V-4V alloy. 
 
Hence, an elasto plastic description of the studied Ti-6V-4V alloys was considered using a model established by 
ENSMP (Fig. 1b) [15]. It consists of two non linear isotropic hardening laws combined with a threshold multi-
kinematics hardening formulation. The plastic yield is defined by: 
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2.2. Plain Fretting & Fretting Fatigue test machines 
 Two plain fretting and fretting fatigue setup up were used to investigate the fretting cracking process (Fig. 2). 
The plain fretting setup consists to apply a constant normal load (P) and a cyclic displacement between the plane 
and the cylinder pad (δ (t)). From this cyclic displacement results a cyclic tangential force Q(t). Applying a variable 
displacement amplitude sequence, the friction coefficient at the partial slip to gross slip transition (μt) can be 
defined. This value was found to well describe the coefficient of friction operating in the sliding zone under partial 
slip condition. For the studied Ti-6V-4V interface we found that μPS=μt=1.0. The plain fretting test was used to 
identify the friction coefficient but also to investigate the crack nucleation process activated as a function of the 
tangential force amplitude (Q*). However, to quantify the fretting fatigue endurance, fretting fatigue tests are 
required. The fretting fatigue setup used for this investigation consists of a dual actuator system which allows an 
independent control of fretting and fatigue loading. Both fatigue and tangential fretting tangential force loadings are 
imposed in phase. The principle of this test machine was introduced by Fellow et al. [16], and successively adapted 
by Meriaux et al in [17]. Both plain fretting and fretting fatigue experiments have been performed using a similar 
cylinder radius pad Rref (mm) and a given linear normal force Pref (N/mm) inducing a constant maximum Hertzian 
pressure p0ref (MPa) and an  aref  Hertzian contact radius.  
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Fig. 2. (a) schematic and picture of the plain Fatigue set-up; (b) schematic and picture of the Fretting Fatigue set-up.
The lateral width of both plane and cylinder shape specimens are similar and fixed at 10 mm to satisfy plain strain
deformation hypothesis along the median axis. The frequency was fixed at 13 Hz.
2.3. Identification of the crack nucleation condition (bp_CN=70 μm)
Two strategies were considered to determine the crack nucleation condition. The first approach is based on a
destructive method (Fig. 3a). After the test, the plane fretting scar is cut along the median sliding axis and cross
section observations are performed. Successive polishing procedures allow determining the maximum crack length 
generated in the fretting scar. The cracks are systematically observed at the contact border and oriented toward the
inner part of the contact with and angle between 30° and 45° to the normal of the surface. The application of an
external tensile fatigue stress promotes a bifurcation toward a pure mode I crack propagation collinear to the normal
of the surface. The dispersion induced by the crack angle evolution was reduced by considering the projected crack 
length value (bp). The crack nucleation was fixed at a threshold projected crack length bp_CN= 70 μm. To determine
the crack nucleation threshold under plain fretting test the strategy consists to perform several tests for a given Pref, 
Rref and N fretting cycles varying  the tangential force amplitude Q*. By plotting the evolution of the maximum
projected crack length versus the corresponding tangential force amplitudes (i.e., bp=f(Q*)), the threshold crack 
nucleation (QCN*) is estimated by defining the intersection with  bp=bp_CN (Fig. 3a). A similar strategy can be
adopted for fretting fatigue cracking analysis, however this destructive method requires a huge quantity of materials
which can be prohibitive.
Fig. 3. Expertise of the crack nucleation: (a) Destructive method (illustration of the reference plain fretting condition : Rref, Pref,  QCN*(105
cycles); (b) Potential Drop Method.
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An alternative approach transposed in fretting fatigue by Meriaux et al. [17] consists to follow the evolution of 
the crack length extension using the potential drop method (PDM) (Fig. 3b). This approach was adopted for the 
given fretting fatigue investigation. This online analysis was previously combined with destructive analysis to 
estimate the threshold tension variation 'VCN, related to the activation of a bp_CN=70 μm crack length.  Note that the 
limit crack length which can be detected using this PDM method was about 50μm which indirectly determine the 
chosen 70 μm threshold crack length value. One advantage of this PDM analysis is the possibility to follow the 
crack propagation until failure and indirectly to estimate the number of fretting fatigue cycles related to the 
propagation stage from the crack nucleation (70μm) until the final failure. 
3. Modelling 
3.1. FEM Plain Fretting & Fretting Fatigue Stress analysis 
Finite element models of both plain fretting and fretting fatigue contacts was defined using the commercial 
ABAQUS software. A bi-dimensional, plain strain, standard analysis is defined in relation to the contact properties 
and experimental test conditions (Fig. 4). The normal and tangential forces corresponding to the experimental 
loading conditions are applied on top of the cylindrical pad. The mesh is composed of triangular (CPE3) and 
quadratic (CPE4R) linear elements.  
 
 
Fig. 4. Finite Element Modelling: (a) Plain Fretting test; (b) Fretting Fatigue Test; (c) Loading sequence (ex. Elastic Fretting Fatigue modeling). 
 
Quadratic elements are used to define the contact zone in a square domain of about 500μm in depth and from -2a to 
2a in length from which the stress loading paths are extracted and the fatigue analysis is performed. The mesh size 
in this fatigue analysis domain is 1 μm long by 1μm deep. Outside the contact zone triangular elements are 
considered in order to reduce time costs. The contact is described by a master-slave algorithm and the tangential 
loading is determined by Lagrange multipliers through a constant friction coefficient μ= μt =1. For fretting fatigue 
modeling, contact between the ball-bearing and the sample is frictionless whereas a coefficient of friction is 
introduced into the pad/fatigue specimen. To limit the stick zone eccentricity induced by the fatigue stress 
deformation, the application of the normal force is done after than the mean fatigue stress was imposed in the fatigue 
specimen like applied in experiments (sequence A). When the contact is established, the cyclic sequence B related to 
the fretting fatigue loading is imposed. A similar loading sequence is considered for plain fretting computations 
except that no external fatigue loading is applied. For elastic computations only one cyclic sequence (B) is requested 
to extract the stress loading path required by the fatigue analysis.  When elasto-plastic computations are considered, 
the loading sequence B is applied successively 15 times to reach the elastic shakedown and the last 15th fretting-
fatigue cycle is considered to extract the stabilized stress path used for the fatigue computations. A parametric 
analysis confirms that whatever the studied fretting fatigue conditions, the elastic shakedown condition involving 
both material and contact geometry accommodations is reached before 10 loading cycles. 
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3.2. Crossland Multiaxial formalism & Calibration of the stress averaging procedure
The Crossland multiaxial fatigue criterion based on the stress invariant analysis is adopted [3]. It considers
a,2J , the maximum amplitude of the root square of the deviator second invariant, and the maximum hydrostatic 
pressure value during the macroscopic loading path, ( max,HV ), so that there is no cracking risk as long as the
following expression is satisfied:
EVD V max,HCa,2C .J (6)
The a,2J variable is given by the following double maximization over the whole loading cycle:
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where S is the deviator part of the tensor 6 and the symbol " : " expresses the contracted double product. 
The maximum hydrostatic pressure max,HV is defined by:
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Both Dc and E parameters are functions of the material fatigue properties such that:
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with W-1 and V-1, the fatigue limits under alternated shear and tensile stress conditions, respectively.
As previously underlined, very severe stress gradients are imposed by the fretting loading so a non local fatigue
stress analysis is required. A stress averaging strategy is here adopted which consists in computing the Crossland
equivalent stress CV at each integration point of the FEM modeling and then to average the Crossland equivalent
stress over a square surface defined by the cubic edge size ℓV which is aligned just below the trailing surface contact 
border where the “hot spot” stress is localized (Fig. 5a). Considering a regular spacing between the integration point,
the averaged Crossland equivalent stress is defined using the following expression:
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with Nip, the number of integration points included in the square area defined by the cubic edge ℓV..
Fig. 5. Calibration  of the non local stress averaging procedure: (a) Schematic of the computation of the averaged Crossland equivalent stress (
)( VC "V ); (b) Illustration of the calibration of the ℓV length scale dimension through the reverse analysis of a threshold plain fretting crack 
nucleation condition (Fig. 3a : Rref, Pref,  QCN*(105 cycles)).
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A critical issue of this approach is the determination of the optimal ℓV length scale dimension. This could be 
achieved through a reverse elastic analysis of the threshold fretting crack nucleation condition defined at 105 cycles 
(Fig. 3a). Indeed, when the averaging domain (ℓV) is increased the corresponding mean Crossland equivalent stress (
)( VC "V ) is decreased.  By plotting the evolution of the )( VC "V = f(ℓV) related to the crack nucleation condition 
(QCN*),  the optimum ℓV dimension is determined at a given endurance value when )( VC "V = 1W  (Fig. 5b). 
This approach is performed for the plain fretting reference conditions (Rref, Pref,  QCN*(105 cycles)) and leads to ℓV = 
37 μm (Fig. 5b). This value is very close to the one previously extracted for high cycle fretting conditions (106 
cycles) but different cylinder and therefore stress gradient conditions [18]. This indirectly supports the hypothesis of 
a direct correlation with the microstructure. This parameter is now assumed constant and will be successively 
considered to predict the fretting fatigue endurance. 
4. Results & Discussion 
4.1.  Fretting Fatigue Endurance: Experimental results 
The fretting fatigue endurance of the studied interface was established keeping constant the contact loading (Rref, 
Pref,  Qref* =0.32.Pref) but varying the applied maximum fatigue stress (Vfat = Vfat,max) for a constant fatigue stress 
ratio Rfat=Vfat,min /Vfat =0.01.  Figure 6 compares the evolution of the Fretting Fatigue (failure) and the Fretting 
Fatigue crack nucleation endurance related to the 'VCN potential drop threshold (bp_CN=70 μm) with the plain fatigue 
endurance obtained for repeated stress loading condition (Rfat =0). As expected, the fretting stressing promotes a 
very sharp reduction of the endurance. For instance, at the fatigue limit (107 cycles), the endurance is divided by a 
factor 6. However in the LCF domain (104 cycles) the endurance reduction is limited to 30%. To explain this 
evolution it must be underlined that the fretting stress is mainly controlling the crack nucleation process whereas the 
fatigue loading is monitoring the successive crack propagation stage. Indeed, using a classical mono actuator fretting 
fatigue experiments, the fretting stressing is decreasing with the fatigue loading according that the contact 
displacement is related to the strain deformation of the fatigue specimen. This can explain why smaller endurance 
reductions are usually observed compared to given iso-fretting stressing investigation. This predominant influence 
of contact stressing on the crack nucleation process is confirmed by comparing the two fretting fatigue crack 
nucleation and failure boundaries: the fatigue stress reduction promotes a significant increase of the loading cycles 
required to propagate from the initial crack length until the failure. Besides, it can be observed for the lowest fatigue 
stress (i.e. infinite endurance), that a crack is nucleated but the specimen never fails which infers that a crack arrest 
condition has been reached. Our analysis will therefore focuses on the crack nucleation boundary ('VCN : bp_CN=70 
μm) thus to avoid any complex integration of the crack propagation processes. 
 
 
Fig. 6. Evolution of the Fretting Fatigue failure and crack nucleation endurances for iso-fretting loading condition ((Rref, Pref,  Qref* =0.32.Pref) and 
quasi repeated fatigue stressing condition (Rfat=Vfat,min /Vfat =0.01): Comparison with repeated plain fatigue failure endurance (Rfat= 0). 
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4.2. Prediction of Fretting Fatigue Crack Nucleation Endurance 
     A complete elastoplastic (ep) FEM analysis of fretting fatigue experiments was performed applying the fretting 
loading conditions (Rref, Pref,  Qref* =0.32.Pref) and studied fatigue stressing. The stabilized stress path was extracted 
and transposed to the Crossland fatigue analysis. An averaging procedure was therefore applied to extract the mean 
representative Crossland equivalent stress averaged over the ℓV = 37 μm cubic volume size. The fretting fatigue 
crack nucleation prediction then consists to compare the Crossland equivalent stress with the alternated shear fatigue 
endurance (W-1(N)).  Assuming a constant value of the cD  material parameter, the prediction of the fretting fatigue 
crack nucleation boundary consists to solve the following expression: 
)N()ep,(.)ep,(J),ep,( 1Vmax,HCVa,2CVC W VD DV """      (11) 
 
With )N(1W the numerical fitting of the shear endurance curve defined from the alternated fatigue analysis. 
However, shear )N(1W  and tensile )N(1V  endurance evolutions are different in the finite endurance regime (Fig. 
1a) which infers that the )N(1W / )N(1V  ratio and consequently the cD parameter are not constant. Indeed, if for 
highest HCF endurance conditions (N> 5. 105 cycles), CD  converges to a constant zero value satisfying the 
common assumption that the )N(1W / )N(1V  ratio remains constant in the HCF regime, this assumption is no 
more satisfied in the LCF and medium HCF endurance region where a significant evolution of the CD  parameter 
can be observed (Fig. 7).  
 
 
Fig. 7. Schematic illustration of the complete elasto-plastic – stress averaging – variable cD (N) parameter strategy applied to predict the Fretting 
Fatigue crack nucleation endurance (Illustration of the CD parameter variation in the LCF and medium HCF endurance region) 
 
This suggests that, a variable description of CD  must be considered. The prediction of the crack nucleation is 
becoming little bit trickier and imposes an iterative procedure to extract the predicted fretting fatigue endurance 
NCN_th (ℓV, ep, a(N)). Figure 7 illustrate the strategy used to estimate the predicted endurance by witch in fact 
consists to solve the following expression:  
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Fig. 8. Comparison between the predicted Crack Nucleation fretting fatigue endurances and the experiments 
 
 Figure 8 compares the crack nucleation predictions given by the complete model (red thick line) with the 
experimental results. The correlation is very good. A statistical analysis shows that the global dispersion is lower 
than 10%.  The model provides a smoothly conservative prediction which is usually preferred in industrial designing 
procedure. This very good prediction must be putted into perspective to the simplicity of the methodology which 
does not require any fretting fatigue experimental data to calibrate the model. Indeed both plastic and fatigue data 
can be extracted from conventional LCF and HCF fatigue experiments where as the stress averaging parameter ℓV is 
defined from a low cost plain fretting analysis. The fact that the model well predicts the fretting fatigue crack 
nucleation over a very large LCF –HCF endurance spectrum suggests that the ℓV  parameter remains constant even 
for plastic LCF conditions. This indirectly supports the idea that the ℓV variable is related to the microstructure like 
the grain size and indirectly the mean distance related to first barrier defined by the grain boundary. Indeed, if the 
stress gradients are highly affected by the plastic accommodation, this is not the case for the microstructural grain 
size at least as long as no re-crystallization processes are activated. To evaluate the influence of the CD  parameter, 
an equivalent analysis has been performed putting CD = 0)cycles10( 6C  D as usually adopted in many multi-axial 
fatigue investigations. Compare to the complete model, the correlation with the experimental results is very poor. 
The predictions are consistent only for the HCF endurance conditions close to the infinite endurance (N> 5 105 
cycles) where the CD values was established. However when N< 5 105 cycles, the predictions are becoming 
dangerously non conservatives. These underlines that the Crossland’s invariant stress formalism commonly 
established for fatigue limit conditions can be applied up to the LCF domain if the variation of the )N(CD parameter 
is take into account.  A last aspect concerns the stress field computation and the necessity or not to consider an 
elasto-plastic analysis. Indeed, elasto-pastic computations are long, fastidious, and CPU expensive. Therefore, there 
is a potential interest to establish if a basic elastic FEM simulation can be considered at least for the HCF loading 
conditions. An equivalent analysis was performed considering the ℓV stress averaging procedure and a variable 
)N(CD  parameter but computing the fretting fatigue stress path using an elastic model. As expected the elastic 
stress analysis provides conservative predictions and cannot be considered in the LCF domain when significant 
plastic deformation are generated.   However, it is interesting to state that rather good predictions are obtained in 
most of the HCF regime (N > 2 104 cycles).  In fact above 5.104 cycles (i.e. Vfat/Vred < 0.6) both elastic and elasto-
plastic prediction are perfectly superimposed. This a posteriori supports the elastic assumption used in the plain 
fretting analysis to establish the ℓV parameter established at 105 cycles. Obviously this conclusion must be examined 
in relation with applied loading conditions. A decrease or an increase of the contact stressing will obviously modify 
the threshold fatigue endurance domain above which an elastic analysis is pertinent.  
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5. Conclusion 
Using an original double actuator fretting fatigue apparatus, the fretting fatigue endurance of an cylinder/plane 
contact from 104 to 107 cycles was determined keeping constant the partial slip fretting loading (i.e. Q/P=0.32)  and 
varying the fatigue stressing ( 700 MPa<σmax<50 MPa, R=0.01). This research work shows that the fretting fatigue 
crack nucleation endurance related to a thresholds bCN=70 μm crack length can be predicted using a basic 
Crossland’s stress invariant multi-axial fatigue description if the cyclic elasto-plastic (ep) response of the material is 
conveniently integrated in the FEM simulation, the stress gradient effect is take into account by considering a stress 
averaging strategy defined on a ℓV=37μm cubic size previously calibrated from plain fretting cracking experiments 
and finally if the variation of the )N(CD  parameter, is take into account. Using this complete analysis the crack 
nucleation endurance through a very large LCF-HCF endurance domain can be predicted with an error smaller than 
10%. A parametric study shows that if the CD =f(σ-1/τ-1) ratio is assumed constant and defined from the fatigue limit 
conditions, non conservative predictions are obtained in the LCF and medium HCF endurance region (N< 5 105 
cycles). Alternatively, it was shown that a simplified elastic stress field analysis provides rather good predictions in 
most of the HCF endurance domain (N > 2 104 cycles) which indirectly contributes for an extensive application of 
the proposed methodology for predicting the fretting fatigue crack nucleation. 
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